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Abstract
Let p, q be primes and p > 3. Let further x, y and m be positive integers such that (x, y) = 1. In this
paper we solve the title equation completely.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
The title equation is a special case of the more general form of the diophantine equation in
positive integers x and y
ax2 + c = byn, c > 0, n 3, (1.1)
and a, b, c are positive integers. The history of Eq. (1.1) is very rich and there have been many
papers concerned with the solutions of this equation and there is a very broad literature on this
equation. In 2006, we gave with Bugeaud a survey on recent results of Eq. (1.1) when a = b = 1,
[4]. In this paper we investigate the solvability of Eq. (1.1) when a = n = p an odd prime, b = 1
and c = q2m, that is
px2 + q2m = yp, m 0, p  3, q is prime integer. (1.2)
The known results about the study of Eq. (1.2) are:
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F.S. Abu Muriefah / Journal of Number Theory 128 (2008) 1670–1675 1671• (Rabinowitz [8], 1978) If p = 3, q = 2, then all the solutions of Eq. (1.2) are found.
• (Abu Muriefah [2], 2001) If q = 2, then Eq. (1.2) has no solution with x odd under some
conditions on p.
• (Abu Muriefah [3], 2001) If q = 3, then Eq. (1.2) has no solution under some conditions
on p.
In what follows we give the complete solution of the diophantine equation (1.2) and improve
the previous works. We start with the even case, i.e. q = 2.
2. The case when q = 2
Suppose that q = 2 in (1.2). We have the following results.
Theorem 2.1. The diophantine equation
px2 + 22m = yp, m > 0, p prime, (2.1)
has no solution with x odd and p ≡ 3 (mod 8).
Proof. We factorize Eq. (2.1) in the field K = Q(√−p),
(
x
√−p + 2m)(−x√−p + 2m)= yp. (2.2)
The principal ideal [x√−p + 2m] and its conjugate ideal are co-prime, so
[
x
√−p + 2m]= πp,
for some ideal π in K . It follows that πp is principal ideal and since h < p, where h is the class
number of the field K , therefore π is principal ideal, say π = [ξ ] for some element ξ in K . So
we get the equation
[
x
√−p + 2m]= [ξ ]p,
and consequently (x
√−p + 2m) = εξp , for some ε in K and since p > 3, we have ε = ±1.
Therefore we have the following:
x
√−p + 2m =
(
a + b√−p
2
)p
, a ≡ b (mod 2), (2.3)
for some rational integers a and b and 4y = a2 + b2p. Since p ≡ 3 (mod 8). Therefore by
equating the real parts in Eq. (2.3), we deduce that b and a are both even, say a = 2A and
b = 2B , hence y = A2 + B2p. Since x is odd it follows that y is odd, so A and B have the
opposite parity.
Equating the real parts in (2.3), where a = 2A and b = 2B , we get the relation
2m = A
(p−1)/2∑ (p
2r
)
Ap−1−2r
(−pB2)r . (2.4)
r=0
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∑
is odd, since the first and the last terms have opposite parity and the rest are all even.
So A = ±2m, B is odd and from (2.4) we get
±1 =
(p−1)/2∑
r=0
(
p
2r
)
2m(p−2r−1)
(−pB2)r . (2.5)
Considering Eq. (2.5) modulo p, we find that the lower sign is impossible. That is
1 =
(p−1)/2∑
r=0
(
p
2r
)
2m(p−2r−1)
(−pB2)r . (2.6)
So A = 2m, hence y = 22m + pB2. Let
α = A + B√−p, β = α¯.
Then αp + βp = 2m+1 = α + β . Write
αp + βp = (α + β).
(
α2p − β2p
α2 − β2
)/(αp − βp
α − β
)
,
we get
α2p − β2p
α2 − β2 =
αp − βp
α − β . (2.7)
Now (α,β) is a Lehmer pair of algebraic integers since (α + β)2 = 22m+2, αβ = 22m + pB2
and α/β is not a root of unity, to show this we have α/β is a root the equation X2 − 12y (A2 −
pB2)X + 1 = 0, that is yX2 − (A2−pB22 )X + y = 0, since y > 1 and
gcd
(
y,
A2 − pB2
2
)
=
(
A2 + pB2
4
,
A2 − pB2
2
)
= (A2,pB2)= 1.
Consequently, we conclude that α/β is not a root of unity.
From (2.7) we deduce that the Lehmer number α2p−β2p
α2−β2 has no primitive divisors. It then
follow from [1, Theorem 4.1] and [5, Theorems C and 1.4] that there can be no solution except
possibly if p = 5. Suppose p = 5, then from (2.6) we get
1 = 24m − 5 × 22m+1pB2 + 5p2B4. (2.8)
Since m > 0, Eq. (2.8) impossible modulo 8. 
Let h denotes the class number of the field Q(
√−D), where D is any square free odd integer.
Then the above result can be generalized as follows:
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Then the diophantine equation
Dx2 + 22m = yp, m > 0,
has no solution with x odd and p > 3.
Now suppose the case x is even, we get the following theorem.
Theorem 2.3. Let p ≡ 7 (mod 8). Then the diophantine equation
px2 + 22m = yp (2.9)
has no solution for all x, y and p > 3.
Proof. From Theorem 2.1 it is sufficient to consider the case x even. Let x = 2uX, y = 2vY ,
where u > 0, v > 0 and (2,X) = (2, Y ) = 1. Then (2.9) becomes
p22uX2 + 22m = 2pvYp. (2.10)
We have three cases:
Case 1: 2m = min(2u,pv,2m). Then canceling 22m in (2.10) we get
p
(
2u−mX
)2 + 1 = 2pv−2mYp. (2.11)
This equation impossible if both u > m and pv − 2m > 0. If u = m in (2.11), then
pX2 + 1 = 2pv−2mYp. (2.12)
Since p ≡ 7 (mod 8) and X is odd, therefore pv − 2m = 1 or 2.
If p ≡ 1 (mod 4) in (2.12), then pv − 2m = 1 and so pX2 + 1 = 2Yp . This equation has no
solution [6].
If p ≡ 3 (mod 8) in (2.12), then pv − 2m = 2 and so pX2 + 1 = 4Yp . This equation has no
solution [6].
If pv = 2m in (2.11), then
p
(
2u−mX
)2 + 1 = Yp.
This equation has no solutions [7, Theorem 25].
Case 2: 2u = min(2u,pv,2m). Then canceling 22u in (2.10) we get
pX2 + 22m−2u = 2pv−2uYp. (2.13)
As in the first case it is not possible m > u and pv − 2u > 0. If u = m in (2.13), then we get
Eq. (2.12). If pv − 2u = 0, then
pX2 + 22(m−u) = Yp,
this equation has no solution from Theorem 2.1.
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p22u−pvX2 + 22m−pv = Yp.
Considering this equation modulo 2, we get either 2u−pv = 0, or 2m−pv = 0. If 2u = pv,
we are in the case 2 and when 2m = pv, we are in the case 1. 
3. The case when q > 2
Suppose that q > 2 in (1.2). We have the following:
Theorem 3.1. Let p ≡ 7 (mod 8) and p > 3. The diophantine equation
px2 + q2m = yp, (x, y) = 1, m > 0, (3.1)
has no solutions for all p > 5. If p = 5, there are two families of solutions given by
y = φ3k, φ3k+1 (or ψ3k+1, ψ3k+2), k > 1,
where φk (respectively ψk) is the kth term of the Fibonacci sequence (respectively the Lucas
sequence).
Proof. Let (x, y,p) be a solution of (3.1) with (x, y) = 1, then (q, y) = 1 and p = q . If y even
then p ≡ 7 (mod 8), so we conclude that y is odd. Now h < p, where h is the class number of
the quadratic field Q(
√−p). Then we have for some integers a and b
x
√
p + qm√−1 = (a√p + b√−1)p, (3.2)
and y = a2p + b2 is odd, so a and b have opposite parity.
Now any common divisor d of a and b will divide y. But from (3.2), we have
x = app p−12 −
(
p
2
)
ap−2p
p−3
2 b2 + · · · ± pabp−1, (3.3)
so d | x, which is impossible because (x, y) = 1. Hence (a, b) = 1. Also it is clear from (3.3)
that p | x, so we deduce that p  y, therefore p  b. So
(pa, b) = 1. (3.4)
Let
α = a√p + b√−1, α¯ = β.
Then from (3.2) we get
αp − βp = q
m
. (3.5)
α − β b
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with (3.4) it is easy to check that (α,β) is a Lehmer pair. Further, let up(α,β) denotes the
corresponding sequence of Lehmer numbers, then from (3.5) we get the following two cases:
1. If b = ±qm, then up(α,β) = ±1 and so the Lehmer number up(α,β) has no primitive
divisors. It then follows from [1, Theorem 4.1] and [5, Theorems C and 1.4] that there can
be no solution except possibly if p = 5. If p = 5, then looking at Theorem 4.1 in [1] we find
that y = φi , or y = ψi , where φi (respectively ψi ) is the ith term of the Fibonacci sequence
(respectively the Lucas sequence). Since y is odd, therefore the solution may be exists only
if y = φ3k, φ3k+1 (or ψ3k+1, ψ3k+2), k  0.
2. If b = ±qj , 0 j < m, then up(α,β) = ±qm−j , and
(
α2 − β2)2 = −16apb2 = −16apq2m.
So the Lehmer number up(α,β) has no primitive divisors. This case can be treated like the
previous case. This completes the proof of the theorem. 
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